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Abstract— This paper illustrates the application of model predictive 

control for trajectory control of micro electro mechanical lateral 
comb resonators (MEMS LCRs). A recursive least square estimator 

with dynamic data weighting method is used to estimate the 

parameters of MEMS in real-time. Accordingly, the control law and 

the gains are derived to achieve high performance trajectory control. 

Simulation results demonstrate a close trajectory profile tracking and 

accurate parameter estimation performance. 

I. INTRODUCTION 

MEMS are miniature sized electro-mechanical devices[1, 

2] with magnificent commercial application like pressure 

sensors, accelerometers, gyroscopes due to their inherent 

benefits of size, low cost and high reliability[3-5]. However 

based on the manufacturing techniques, MEMS can have 

some variation in their parameters and are susceptible to 

faults. In addition, like any physical system, these devices age 

with time rendering a substantial variation in their 

parameters[6]. Therefore accurate system parameter 

identification and proper tracking controls are crucial in 

devices employing arrays of MEMS sensors or actuators[7], 

especially in mission critical applications like medical 

implants, satellites, etc. Different techniques like open loop 

control, closed loop control and on-chip control have been 

employed for the control of MEMS with varied degrees of 

success[8].  

The recursive least square (RLS) method with dynamic 

data weighting (DDW) is used to estimate the parameters of 

the MEMS in real-time. RLS-DDW is established based on 

the mathematical model of the plant and the sequence of 

observed data to minimize the sum of the squares of the 

difference between the observed and computed data. Further, 

model predictive control (MPC) with receding horizon 

principle is applied on the available system model to control 

the trajectory of the MEMS LCR.  

The proposed control method improves the effectiveness of 

model predictive control when applied to time varying 

systems since the model parameters are updated periodically 

via RLS identification algorithm. Slow variation in system 

parameters causes shift in the system performance hence for 

better control, accurate model of the system should be 

available to MPC algorithm. With the implementation of real-

time parameter identification using RLS-DDW, the system 

model is updated at each step hence ensuring effective control 

of the MEMS LCR system. Simulation results demonstrate a 

high performance tracking of desired references.  
 
 

II. SYSTEM MODELING 

The MEMS LCR system as shown in Figure 1 is modeled 

as a second order mass spring damper (MSD) system[9-12].  

 
Fig 1. MEMS Lateral comb resonator[6] 

 

The governing equation of such a system is given by 
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where � is the applied force, � is the displacement, � is the 

mass, � is the damping coefficient, and 
 is the spring 

constant at each side of the system. 

Dividing both sides of (1) by �, results in 
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The transfer function is obtained as follows: 
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The discrete time transfer function for G(s) can be 

obtained considering the zero order hold process. Assuming T 

as the appropriate sampling time for the given system, the 

transformation into z-domain of the transfer function given by 

(3) using ZOH sampling process is given by: 
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Substituting (3) into (4) and taking the z-transform, the 

discrete system can be obtained as: 
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On substation of the parameter values and simplification 

of (6), a discrete time transfer function of the form given in 

equation 7 can be obtained as:  

 ���� � 8�-�
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III. RECURSIVE LEAST SQUARE WITH DYNAMIC DATA 

WEIGHTING 

Recursive least square technique is designed to provide 

real-time parameter estimation. The knowledge of the 

measurement signal along with the earlier input enables 
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accurate identification. Dynamic data weight is used along 

with recursive least squares to put a weight on the relevant 

system data based on earlier available values.  

This section of parameter identification is divided into 

two parts. The first part introduces the discrete-time 

parametric model and its associated equations while the 

second part focuses on the recursive least squares with 

dynamic data weighting technique.  

Part I: Discrete-Time Parametric Model 

To implement the parameter identification technique, the 

system should be represented in discrete-time parametric 

form [13]as follows: 

 ��
� � ;∗$=�
�, (7) 

where ��
� is the output of the system, ;∗ is a vector of 

unknown parameters and is being identified by recursive least 

square with dynamic data weighting, =�
� is the vector of 

earlier inputs and outputs. Consider the discrete-time transfer 

function given in (6), and of the form 
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where,  
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also D is the number of poles, � is the number of zeros, and 

E is the discrete time delay. The =�
� and ;∗ in (7) are given 

by: 
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and 

 ;∗ � F2C, 2 , … , 2�! , 0�, … , 0?! IJ. (11) 

Using (6), (10), and (11), a discrete-time parametric 

model of the MEMS LCR can be formulated.  

Part 2: RLS-DDW 

Recursive least square with dynamic data weighting is 

used to identify the parameters of MEMS. This technique is 

given as [13] 
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where ;C are the initial best-guess values of the parameters,	0 

is the non-negative static weighting factor, L is the 

covariance matrix, N is the normalized estimation error, and M 

is based on the previous inputs and outputs as shown in (10). 

The normalized estimation error N is given as: 
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����� , (13) 

where �� is the normalizing signal and is given by 
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and cc is a positive scalar value. 

(14) 

The covariance matrix P is updated recursively by using 

the following equation: 
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L�0� � LC � LCJ > 0 and, 0 < � < 1 is the dynamic data 

weighting factor. 

IV. MODEL PREDICTIVE CONTROLLER 

To design the controller, the estimated parameters of the 

plant are used. Figure 2 illustrates the predictive control 

structure used in this paper [14]. 

Online Parameter 

Estimator 

(RLS-DDW)

Controller Plant
Set-point

s ignal (r)

u y

Parameter estimate, ϑ

Fig. 2, Schematic block diagram of predictive control structure 
 

In this configuration, the parameters of the plant are 

estimated at each instant and the control law is created based 

on the estimated plant model and the set-point signal r. 

In the MPC with the receding horizon control principle, 

the single input single output (SISO) plant in state space is 

modified to obtain the augmented model. The MPC design 

process is as follows[14]: 

The SISO estimated system in state space representation 

is given by: 
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where, >"�V , A"�V and W"�V are the system matrices which are 

the realizations of the estimated transfer function obtained 

from the RLS-DDW at each iteration. 

Taking the difference operation ∆ on both sides of (16), 

the system becomes: 
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Considering:  
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from (17) and (18), it can be obtained that: 

 ∆U�
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�, (19) 

also the difference operation on both sides of the output 

equation in (16) yields: 
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Substituting (19) in (20), results: 
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Introducing new state variable as U[ � F∆U�
� ��
�IJ, 

(19) and (21) can be written in state space form as: 
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The future control trajectory and the future states can be 

considered as ∆G�
�, ∆G�
 � 1�, … , ∆G�
 � _̂ ( 1�, and 

U[�
 � 1|
�, U[�
 � 2|
�, … , U[�
 � R̂|
�, where _̂  is the 

control horizon and R̂  is the prediction horizon which have 
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to satisfy � _̂ a R̂�.  
Considering system matrices as:  

> � \ >"�V 0
W"�V>"�V 1] , A � \ A"�VW"�VA"�V] and W � F0 1I, future 

state variables can be obtained from (22) as:  
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From (22) and (23), the predicted output variables can be 

expressed as: 

 

��
 � 1|
� � WU[�
 � 1|
� � 	W>U[�
� � WA∆G�
�  
��
 � 2|
� � W>�U[�
� � W>A∆G�
� �
WA∆G�
 � 1�, 

⋮ 
��
 � R̂|
� � W>cdU[�
� � W>cd! A∆G�
� �
⋯� W>cd!ceA∆G�
 � _̂ ( 1�. 

(24) 

 

Collecting terms and denoting yields:  
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The control objective is to force the predicted output as 

close as possible to the set-point signal within the prediction 

horizon. Here, the set-point signal r is assumed to remain 

fixed for the duration specified by R̂ . 

The cost function for the given control objective is 

expressed as: 

 p � �qr ( f�J�qr ( f� � ∆gJqs∆g, (26) 

where qr � F1	1…1I tcdu�
� is the vector containing the 

set-point information, and qs � uvwcetce with uv x 0 being 

the tuning parameter dependent on performance 

requirements. 

To minimize the cost function given by (26), Lagrange 

technique is used with partial derivative of both sides with 

respect to ∆g, and setting it to zero. 

	 yzy∆{ � (2ΦJXqr ( �U[�
�Y � 2�ΦJΦ� qs�∆g � 0. 

This results in the optimal control vector as: 

 ∆g � �ΦJΦ� qs�! ΦJXqr ( �U[�
�Y. (27) 

For the case of receding horizon principle, the first 

element of (27) given by ∆G�
� is used for the control 

objective while the remaining elements are neglected. This is 

repeated at every iteration with an updated ∆g. 

V. SIMULATION RESULTS 

The exact parameters of the plant are not known to the 

controller, with RLS-DDW the parameter values of the plant 

are estimated recursively and these values are used by the 

controller as the actual plant model. The controller aims at 

forcing the estimated MEMS to follow the reference signal. 

The exact parameter values of the plant are eventually 

estimated with high accuracy in short time, which also leads 

to accurate trajectory control. The estimation performance is 

dependent on the choice of initial parameter guess-;C, the 

static data weighting factor a, the dynamic data weighting 

factor �, and the covariance matrix P.  

For the simulation, parameter values from [9], shown in 

Table I, are used. 
Table I. 

Parameter values for MSD system 

Mass(Kg) Spring Const. (Kg/s2) Damping Coeff. (Kg/s) 

2.3856e-10 0.0193 7.563e-7 

 

These values are substituted in the continuous time 

transfer function (3) and a corresponding discrete time 

transfer function (6) is obtained. The numerator and 

denominator coefficients of this discrete time transfer 

function represent the desired target values to be estimated 

with the RLS-DDW scheme. The initial parameter guess ;C 

are chosen as: ;C � F0.25 0.25 (2.5 1.5I. 
After estimated parameters are obtained via RLS 

algorithm, simulation runs are performed using a sinusoidal 

type input to evaluate the tracking performance of the 

proposed controller. The parameter estimation performance 

for each of the model parameters as given in (6) is shown in 

Figures 3-6. The static data weighting factor a, and the 

dynamic data weighting factor � were set at 1 and 0.77 

respectively and the sampling time T was 1x10!�.  

 
Fig. 3, Estimation of numerator coefficient b0 

 
Fig. 4, Estimation of numerator coefficient b1 
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Fig. 5, Estimation of denominator coefficient a1 

 
Fig. 6, Estimation of denominator coefficient a2 

Figures 3-6 show parameter estimation performance for 

the four unknown parameters of the system. The estimation 

percentage error for each of the parameters is shown in Figure 

7. As the figure demonstrates, the error percentage reaches 

very low values in a short time. 

 
Fig. 7, Percentage error in parameter estimation 

 

 
Fig. 8, Output from actual and estimated systems 

The output displacement from the actual plant and the 

estimated plant is shown in Figure 8. It can be observed that 

the actual plant and the estimated plant displacements match 

as the plant parameter value estimations become more 

accurate. The parameter estimation performance depends on 

the magnitude of the dynamic data weight factor � and the 

covariance matrix P. 

The controller performance depends on the parameter 

estimation, tuning parameter uv, prediction horizon R̂  and 

the control horizon _̂ . The tuning parameter uv controls the 

magnitude of ∆g in cases where strict limits over control 

command are desired. R̂  and _̂  values are  influenced by 

the type of set-point signals used. It was observed that for a 

fixed reference signal, larger values of R̂  and _̂  could be 

chosen for set-points like sinusoidal and smaller values of R̂ 

and _̂  resulted in better performance.  

Performance of parameter identification in combination 

with model predictive controller for uv � 2, R̂ � 6 and 

_̂ � 6 is shown in Figure 9. As the figure shows, the plant’s 

output follows the desired trajectory closely.  

 
Fig. 9, MPC tracking performance 

The error between desired trajectory and the plant output 

is shown in the Figure 10.  

 
Fig. 10, Tracking performance error  

Initial spike in the error is observed between iterations 

130 and 250 because of the rapid parameter estimation 

dynamics during the identification process. A closer look of  

this dynamic is shown in Figure 11. 

 
Fig. 11, Enlarged image of tracking performance error 
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The force applied (Newton) to MEMS as control effort is 

shown below in Figure 12. 

 
Fig. 12, Control effort 

 

There is some fluctuation observed in the control effort 

during the parameter estimation phase of iterations 130 to 

250. The high rate of change of system parameters forces the 

controller to vary the control effort in order to compensate for 

the change and to follow the reference signal as closely as 

possible. The enlarged image of the selected region in Figure 

12 is shown below in Figure 13. 
 

 
Fig. 13, Enlarged image of control effort 

 

RLS-DDW is an effective parameter estimation technique 

employed in this study. All estimated parameters converge to 

desired values in a short time with high accuracy. MPC offers 

impressive tracking performance for the MEMS LCR system.  

CONCLUSION 

A MEMS displacement trajectory control was simulated 

and achieved using a model predictive control approach. A 

recursive least square with dynamic data weighting estimator 

was designed and used to identify the time-varying 

parameters of MEMS. Simulation results show high 

performance parameter estimation and trajectory tracking 

profile. Utilization of model predictive control in MEMS 

offers inherent benefits when operational constraints are 

desired to be incorporated in the control scheme. These types 

of constraints can be based on manipulated and/or the 

controlled variables.  In addition, MPC approach offers online 

optimization which can lead to better handling of operational 

constraints and sensor/actuator failure. 
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